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Model and definitions

Model

e (Q,F,P) equipped with the filtration F = (F;) [, such that
Fr=7F

@ risky asset S = (S1)[, = (S}]...., 8%, - d-dimensional
process adapted to F

o risk free asset B= (B;)[,, Br=1forallt=0,...,T

e trading strategy H = (H;)_, = (H},..., H?)[,-predictable with
respect to F

@ Let us denote the set of all strategies as P.



Model and definitions

Short selling

Define P, ={He P | H>0}.
A= (M, g), = (1, ..., ug) Where 0 < Nj, iy < 1
A<pifandonlyif \j < pjfori=1,...,d
Let p := (1, ..,0q) Where ¢/(x) := x + \ixT + pix~
Denote .

(H-S)i:=> H-AS

j=1



Model and definitions

gain or loss process

ANunNT

GLP is a process x = (x;"*)[_, of the form

t
X = XM ng ) Sji—1 —(—H) - St =
Jj=1

t
_ZZ@/ AH/ I ng Hl St

Jj=1 i=1
where AH] = H;.



Model and definitions

gain or loss process

ANunNT

GLP is a process x = (x;"*)[_, of the form

t
X = XM ng ) Sji—1 —(—H) - St =
Jj=1

t
—ZZ@’ AH’ ' Z(p —H)S!
j=1 i=1

where AH] = Hj. Substituting » we get

t t
XM= (H-8)i =Y MAH) St = Y u(AH) ™St — uHhS:.
j=1 j=1

(U. Getin, L.C.G. Rogers, "Modelling liquidity effects in discrete time")



Model and definitions

The set of hedgeable claims

Let us define RT(\, u) := {x}"*(H) | H € P, } and the set of
hedgeable claims as follows

AT\ ) =R\ p) — LY.

Denote A7 (), 1) the closure of AZ (A, 1) in probability.

AF(X, p) is a convex cone.




Model and definitions

absence of arbitrage

Definition (NA.)
We say that there is no arbitrage in the market if and only if

RENLY = {0}.

(NA,) is equivalent to the condition AF N L% = {0}.



Model and definitions

absence of arbitrage

Definition (NAL)
We say that there is no arbitrage in the market if and only if

R¥ N LY = {0}.

(NA,) is equivalent to the condition A3 N L% = {0}. Now we give the
definition of robust no arbitrage

Definition (rNA_.)

We say that there is robust no arbitrage in the market if and only if

Je>0: (e <\ AF(e, ) N LY = {0}) or (¢ < p, AF(N, )N LY = {0}).

(W. Schachermayer "The Fundamental Theorem of Asset Pricing
under Proportional Transaction Costs in Finite Discrete Time")



Model and definitions

(A, u)-consistent price system

Definition (A, u)-CPS

We say that a pair (S, Q) is (), u1)-consistent price system when Q is
a probability measure equivalent to P and S = (S;), is an
d-dimensional process, adapted to the filtration F which is

Q-martingale and the following inequalities are satisfied

Si
1—p < §f <1+, P-as.
t

foralli=1,...,dandt=0,...,T.

(P. Guasoni, M. Rasonyi, W. Schachermayer "The fundamental
theorem of asset pricing for continuous processes under small
transaction costs")



Model and definitions

(A, u)-supermartingale consistent price system

Definition (A, u)-supCPS

We say that a pair (S, Q) is (), u)-supermartingale consistent price
system when Q is a probability measure equivalent to P and

S =(S)[, is an d-dimensional process, adapted to the filtration F
which is Q-supermartingale and the following inequalities are satisfied

S
1—,u,-§§§§1—|—)\,-, P-a.s.
t

foralli=1,...,dandt=0,..., T.




Model and definitions

right-sided \-consistent price system

Definition A\-CPS*

We say that a pair (S, Q) is right-sided \-consistent price system
when Q is a probability measure equivalent to P and S = (57, is an
d-dimensional strictly positive process, adapted to the filtration F
which is Q-martingale and the following inequalities are satisfied

éi
=t <14, P-as.
Si

foralli=1,...,dand t=0,..., T.




Necessary and sufficient conditions

Necessary conditions for the absence of arbitrage

Main theorem

The implications (a) =(b) = (c) = (d) are satisfied where:

(@) AF(\, ) N LY = {0} (NA,);

(b) AF(A, ) N L2 = {0} and for any e > A: A (e, i) = A7 (e, p);
(c)forany e > A: Ar(e,p) N Lo = {0};

(d) for any € > A there exists e-CPS™ (S, Q) with 92 ¢ L,




Necessary and sufficient conditions

Necessary conditions for the absence of arbitrage

Corollary

The implications (a) =(b) = (c) = (d) are satisfied where:

(@) A7(\, p) N LS = {0}; (NA,)

(b) AF(A, p) N LO = {0} and forany e > u: AF(A€) = Ar(A,e);
(c)forany e > u: Ar(h,e)n Lo = {0};

(d) for any & > 4 there exists \-CPS* (S, Q) with 92 € L.




Necessary and sufficient conditions

Necessary conditions for the absence of arbitrage

Corollary

The implications (a) =(b) = (c) = (d) are satisfied where:

(@) A7(\, p) N LS = {0}; (NA,)

(b) AF(A, p) N LO = {0} and forany e > u: AF(A€) = Ar(A,e);
(c)forany e > u: Ar(h,e)n Lo = {0};

(d) for any & > 4 there exists \-CPS* (S, Q) with 92 € L.

\

Main corollary
(rNA,) = I \-CPS™.




Necessary and sufficient conditions

@ The existence of \-CPS™ is not a sufficient condition for (NA.,).

oletT=2d=1,A=p<fand S =18 =141, S =12
where A€ Fyand 0 < IP(A) < 1. Furthermore, assume that
Fo=10,Q} F1 ={0,A,Q\ A Q}.

@ Notice that there exists \-CPS* in the model. Define
St = (1 — u)Eg(Sz2|Ft) where Q ~Pand f € {0,1,2}. The
measure Q can be any probability measure equivalent to P due
to the fact that

(1 = NEg(Se|Fi) = (1 — \)Eg(Se|Fo) = 1+ \.

@ On the other hand notice that there exists an arbitrage in the
model. Define a strategy as follows AH; = H; = 1 and
AH> = —1l4. Then

1+>\ 1+)\

@ Finally A} (\) N L%(F2) # {0} despite of existing \-CPS*.

XM = 1= A2+ (—~



Necessary and sufficient conditions

Sufficient condition for the absence of arbitrage

Let the pair (S, Q) will be (A, 1)-supCPS. Then we have the absence
of arbitrage in our model, i.e. AF(A,p) N LY = {0}.




Necessary and sufficient conditions

Sufficient condition for the absence of arbitrage

Let the pair (S, Q) will be (X, 1)-supCPS. Then we have the absence
of arbitrage in our model, i.e. A%(A\, ) N L% = {0}.

Proof.
Leté e AF(\,p)NLY,ie. 0<¢<

T T T
< =) AHS_1+(1-p)HrSt=> MAH)TSi_1=>  u(AH:) ™Sy

t=1 t=1 t=1

We use the inequalities —1;S} < S} — SI < \;Si, P-a.s. and show that
EQ(H S)r <0. ]




Necessary and sufficient conditions

Implications

Actually due to the above theorem and the previous example the
existence of \-CPS™ do not imply the existence of (), 1)-supCPS.



Necessary and sufficient conditions

Implications

Actually due to the above theorem and the previous example the
existence of \-CPS™ do not imply the existence of (), 1)-supCPS.

Assume that the process (x,A ”)t 1 is Q-supermartingale with respect
to a measure Q ~ P. Then there exists a stochastic process

= (St)t o such that the pair (5,Q) is A-CPS™. Moreover, there is
no arbltrage in the model, i.e. AF(\, ) N L = {0}.




Super-replication

Super-replication

Let C be a contingent claim, i.e. C € L%(Fr). Let us define the set of
initial endowments needed to hedge the contingent C.
M(C):={xeR|IHeP,: x+xy"(H)>C, P-as.}

Let o
QF:={Q~P|38: (5,Q)is \-CPST}.
is

04 = {Q~P|35: (5,Q)is (A )-supCPS}.



Super-replication

Super-replication

Let us define also the sets
D" :={xeR|VQe Q": EyC < x}.

D ={xeR|VQe Qf: EuC < x}.



Super-replication

Super-replication

Let us define also the sets
D" :={xeR|VQe Q": EyC < x}.

D ={xeR|VQe Qf: EuC < x}.

Assume that in the model we have (rNA,).Then D™ C I'+.

(Yu. M. Kabanov, M. Rasonyi, Ch. Stricker, "No-arbitrage criteria for
financial markets with efficient friction™)



Super-replication

Super-replication

Let us define also the sets
D" :={xeR|VQe Q": EyC < x}.

D ={xeR|VQe Qf: EuC < x}.

Assume that in the model we have (rNA,).Then D™ C I'+.

(Yu. M. Kabanov, M. Rasonyi, Ch. Stricker, "No-arbitrage criteria for
financial markets with efficient friction™)

Assume that there exists (X, ) — supCPS. Then 't C D§.




Super-replication

Super-replication
Define the super-replication price

ps :=inf[* =inf{x e R|IH e P,: x+ x}"(H)> C, P-as.}

Assume that in the model we have (rNA.). Then ps < sup EgC.
QeQ+




Super-replication

Super-replication

Define the super-replication price

ps :=inf[* =inf{x e R|IH e P,: x+ x}"(H)> C, P-as.}

Assume that in the model we have (rNA_.). Then ps < sup EgpC.

Qeg*

Let Q:={Q~P|38: (5Q)is (\ u)-CPS}.

Assume that there exists (A, 1)-CPS in the model. Then we have the
following inequalities

sup EqC < sup EpC < ps < sup EgC.
QeQ QeQ} Qe+




Sketch of the proof

Sketch of the proof

In the proof we use the following theorems.
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Sketch of the proof

In the proof we use the following theorems.

Stricker’s lemma

Let X, be a sequence of random vectors taking values in R? such that
for almost all w € Q we have liminf || X,(w)||l¢ < co. Then there exists
a sequence of random vectors Y, taking values in RY such that Y,(w)
is a convergent subsequence of X,(w) for almost all w € Q.




Sketch of the proof

Sketch of the proof

In the proof we use the following theorems.

Stricker’s lemma

Let X, be a sequence of random vectors taking values in R? such that
for almost all w € Q we have liminf || X,(w)||l¢ < co. Then there exists
a sequence of random vectors Y, taking values in RY such that Y,(w)
is a convergent subsequence of X,(w) for almost all w € Q.

Kreps-Yan theorem

| \

Let K O —L! be a closed convex cone in L' such that K N L. = {0}.

Then there is a probability P ~ P with dP/dP € L* such that
Ep¢ <Oforall ¢ € K.

(Yu. M. Kabanov, C. Stricker, "A teacher’s note on no arbitrage
criteria")



Sketch of the proof

Sketch of the proof (a) = (b)

(@) = (b) Let

t+6 t+6 46
Xt),\t’ia(Ha H) = Z H/'AS/_Z MAH) " Sj4 —Z u(AH)) ™ Sj—1—piHe5Stss
j=t j=t j=t

where 1 <t <t+4¢ < T, His predictable and H > 0,
H € [°(RY, F;_1) and AH; = H; — H. Define the set
Ritrs(H.X) == {x{!s(H, H) | H is predictable and H > 0}

and let Al s(H.\) = R, s(H.\) — L%(Ft15). We show that the set
Agm(ﬁl,s) is closed for any ¢ > \, H € L°(RY, F;_1) and t, § such
that1 <t <t+ 6 < T. Notice that A +(0,¢) = A7 (e).



Sketch of the proof

Sketch of the proof (a) = (b)

Let§ = 0. Fix t, H € L%(RY, F;_1) and vector £ > \. It holds the
condition A (¢) N LY. (Ft) = {0}. Suppose that v/, — ¢ in probability
where v/, € Axt(Fl,s). By the Riesz theorem the sequence v/,
contains a subsequence convergent to ¢ a.s. Thus, at most restricting
to this subsequence we can assume that v/, — ¢, P-a.s. Assume that
v/', is of the form '

V[}t = thAS[ — €(Ath)+S(_1 — ILL(Ath)ist_1 — ,LLthSt —In

where AHP = H — Hand H € LO(RY, Fi_1), ry € LO(FY).



Sketch of the proof

Sketch of the proof (a) = (b)

Consider first the situation on the set
Q= {liminf || H{ ||< oo} € F;_1. By the Stricker’s lemma there
exists an increasing sequence of integer-valued, F;_i-measurable
random variables 7, such that H;" is convergent a.s. on 4 and for
almost all w € Q4 the sequence H,T"(“’)(w) is a convergent
subsequence of the sequence H(w). Notice that H;" € L°(RY, F;_1)
and respectively r,, € L9 (F;). Furthermore r,, is convergent a.s. on
Qi. Let Hy:= lim H» and 7 := lim r,,. Then

n—oo n—oo

C = nll—>moo(thASt — E(Ath)JrSt,1 — /.L(Ath)_St,1 — ,quSt — r,,) =
= lim (HAS; — c(AH)* iy — W(AH) " Si_y — uH"S; — 1))

n—oo

where the above limit equals

FIIASI - E(F/t - ":’)+St—1 - M(’:’t - ’:/)731—1 - M/:’tst -re Aff(’:’ﬁ)



Sketch of the proof

Sketch of the proof (a) = (b)

It's enough to consider the set Qy := {liminf || H] ||= oo} € Fi_1.
Suppose that P(€22) > 0. Define G7 := ”Z:n”, hp = ”,Q—"r” and notice
that G € L%(RY, F;_1). We have

G{’AS,—:—:(G{'—L)*SH —u(G{’—L)*SM —uGPSi—h, — 0.
Il A7l

Similarly as on the set Q4 by the Stricker’s lemma there exists an

increasing sequence of integer-valued, F;_-measurable random

variables o, such that G/" is convergent a.s. on Q» and for almost all

w € Qp the sequence Gf”(“)(w) is a convergent subsequence of the

sequence GJ(w). Let G, := lim G{"and h:= lim h,,.



Sketch of the proof

Sketch of the proof (a) = (b)

Having regard to the absence of short selling we get the equalities
GiAS—e(Gr) " St_1—1(Gt)~St_1-nGiSt = GiAS—eGSt_1—pGiSy = h

where h e L8 (7). From the absence of arbitrage
GiAS; — GiSi_1 — 1G:S; = 0 on Q. Notice that

étASt — /\étSt_1 — ,ué,St > étAS[ — €é[8t_1 — uétS, =0.
Using once again the fact that A; (\) N L9 (F;) = {0} we can replace
d .
the inequality by the equality. Hence " ()\; — ¢;)G;S;_; = 0. Because
i=1

St s strictly positive we receive that G = 0, P-a.s. on Q2 what
contradicts the fact that || G; ||= 1. It follows from this that P($2,) = 0.



Sketch of the proof
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Thank you for your attention!
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